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Based on the Landau-Ginzburg Lagrangian, the dynamics
of a vortex is studied for superfluid He3-A characterized by
the l-texture. The resultant equation of motion for a vortex
leads to the Magnus-type force caused by the l-texture. The
force is explicitly written in terms of the mapping degree from
the compactified 2-dimensional plane to the space of l-vector,
which reflects the quantitative differences of vortex config-
urations, especially the Mermin-Ho and Anderson-Toulouse
vortices. The formulation is applied to anisotropic supercon-
ductors in which the Hall current is shown to incorporate
changes between vortex configurations.
PACS number: 67.40.Vs
Introduction: The study of superfluid He3 is still in
the limelight in condensed matter physics. Among a va-
riety of problems, great efforts have been devoted to the
investigation of vortices in superfluid He3-A phase [1,2].
The order parameter for He3-A is anisotropic and char-
acterized by “l-texture” that resemble the “director” in
the liquid crystal. This feature gives rise to a variety of
phenomena in vortex physics [2,3].
The purpose of this letter is to give a new view of vor-
tex dynamics, specifically, for the non-singular l-texture
vortex inherent in the l-texture. In order to carry out
this, we derive the equation of motion for a single vor-
tex from the time-dependent Landau-Ginzburg-type La-
grangian which is a generalization of that for ordinary
superfluid [4,5]. Here it is notable that, if one uses the
vector-like order parameter including the l-texture, the
Lagrangian is reduced to the one for the spin field and
become similar with that for the ferromagnet model used
in the study of the magnetic vortex motion [6,7]: an al-
ternative form has been proposed previously in [8], but
the one adopted in the present paper has much simpler
form, from which the equation of motion can be easily
derived.
The resultant equation of motion for a single vortex
shows a specific non-dissipative Magnus-type force fa-
miliar in the ordinary superfluid or superconductivity
[9,10]. A remarkable consequence is that the strength
of this force is explicitly given by the mapping degree (or
topological invariant) from two-dimensional space to the
space of l-vector, which reflects the boundary condition
of the vortex at infinity (or at the wall of containers).
Especially, two typical vortices can be incorporated, the
Mermin-Ho (MH) and Anderson-Toulouse (AT) vortices
[11,12].
As an application to anisotropic superconductors, we
consider the Hall currents, in which this peculiar feature
is shown to be reflected naturally.
Landau-Ginzburg Lagrangian for He3-A: In the present
paper, our argument is restricted to two-dimensional su-
perfluid uniform in the z-direction and the zero temper-
ature case. Let ψ be the vector-type order parameter
describing the Cooper pair in He3-A, which has the form
[13]
ψ = ∆0e
iγ(e1 − ie2) (1)
where e1, e2 are the orthogonal unit vector fields that
make the triad with l = e1 × e2, and γ is the rotation
angle around the l-vector [14]. The l-vector represents
the orbital angular momentum of the Cooper pair. These
triad vectors are represented in terms of the angular vari-
ables [14];
l = (sin θ cosφ, sin θ sinφ, cos θ)
e1 = (cos θ cosφ, cos θ sinφ,− sin θ),
e2 = (− sinφ, cosφ, 0) (2)
where (θ, φ) represent the polar angles of the l-vector.
The Lagrangian for the vector order parameter is given
as an extension from that for the usual superfluid [4]:
L =
∫
{
ih¯
2
(ψ†
∂ψ
∂t
− c.c)−H(ψ, ψ†)}d2x
≡ LC − LH (3)
where the first term is regarded as a variant of the geo-
metric phase [15] and the second term is nothing but the
Hamiltonian LH . By the requirement of the rotational
invariance, the general form of LH is given by
LH =
∫
d2x[K1∇iψ
†
j∇iψj +K2∇iψ
†
i∇jψj
+ K3∇iψ
†
j∇jψi] (4)
For the coefficients K1,2,3, we adopt the results in the
critical region (T ∼ Tc): K1 = K2 = K3 =
1
5N(0)ξ
2
0
(ξ0 =
√
7ξ(3)
48pi2 ) in the weak-coupling approximation [2,16].
Substituting (2) into (3), we get the polar representa-
tion of the canonical term LC : ih¯ψ
†ψ˙− c.c. = 2h¯∆20(γ˙ −
1
cos θφ˙). Using the gauge fixing condition γ = φ, it be-
comes
LC = −2h¯∆
2
0
∫
(1− cos θ)φ˙d2x (5)
In the previous papers [6,7], this form was used in the
continuous Heisenberg model. The angular form of the
Hamiltonian term will be discussed below.
Equation of motion for a coreless vortex: Now let us
consider a single vortex located at the origin, for which
the angular variable φ is taken to be φ = arctan(y/x),
whereas the profile function θ obeys the boundary con-
ditions θ(0) = 0 and, 1) θ(∞) = 0 (MH vortex) or 2)
θ(∞) = pi2 (AT vortex). They have a finite size near
the origin (“core”), and the l-vector directs upward in-
side the core, while it is “planer” (MH vortex) or directs
downward (AT vortex) at infinity (or at the container
wall).
We introduce the collective coordinate X(t) = (X,Y )
to describe the dynamics of a vortex and replace the space
arguments of the angular variables from x to x −X(t).
With the chain rule, ∂φ
∂t
= ∂Φ
∂X
X˙, the canonical term LC
becomes
LC = −2h¯∆
2
0
∫
(1− cos θ)∇φ · X˙d2x (6)
from which one sees that the momentum density p is
defined to be canonically conjugate with X˙ such that
p = ρ′v ≡M∆20v (7)
where M is a parameter with mass dimension and the
velocity field v is defined by
v = −
h¯
M
(1− cos θ)∇φ. (8)
This velocity field does not bear any singularities near
the origin, and such vortices are called “soft-core”.
The explicit form of the Hamiltonian term is given in
[14], and that can be classified as LH = T2 + T1 + T0,
where Tn ∝ v
n. The explicit form of T2 is given by
T2 = [
1
2
ρ‖(lv)2 +
1
2
ρ⊥(l × v)2]
=
1
2
[ρ⊥v2 + (ρ‖ − ρ⊥)(lv)2] (9)
where, in [14], the mass densities are ρ⊥ = ρ‖ =
4(m/h¯)2K1∆
2
0. (m is twice the He3 mass.) In two-
dimensional case, direct calculation shows lv = 0, and
T2 becomes
T2 =
1
2
∫
ρv2dx2 (10)
where ρ = ρ⊥. Note that the density ρ should coincide
with ρ′ in (7), so that the parameter M should be fixed
to be 4(m/h¯)2K1 = M . It should be noted that the T2
has just the same form with the kinetic energy for the
superfluid.
As for the remaining term, the explicit form of T1 is
T1 =
∫
h¯ρ‖
2m
[v(∇× l)− 2(vl)l(∇× l)]d2x (11)
and the second term of it also vanishes in two-dimensional
case (lv = 0) and the first term will not contribute to
the Magnus-type force because it becomes the total di-
vergence after v is replaced by the constant velocity U.
The v-independent term T0 does not contribute to the
Magnus-type force, and we can drop it. (For the explicit
form of T0, see [14,18])
Let us consider the equation for the vortex center X
in the presence of the background uniform superflow U.
In that case, the kinetic term T2 becomes
T2 =
1
2
∫
ρ(v +U)2d2x
=
1
2
∫
ρv2d2x+
∫
ρv ·Ud2x+
1
2
∫
ρU2d2x (12)
The equation of motion for a vortex is given by the Euler-
Lagrange equation
d
dt
∂L
∂X˙
−
∂L
∂X
= Fex (13)
The resultant equation is rewritten FC + FT = Fex
where FC and FT are given by FC ≡
d
dt
∂LC
∂X˙
− ∂LC
∂X
and FT ≡ −
∂T2
∂X
. The external force Fex represents the
force for balance that may come from the other types
of non-dissipative force as well as dissipative force. The
two-dimensional space integral can be performed in the
moving frame; x′ = x−R(t) and X′ = X−R(t), where
R(t) = Ut represents the center of mass of the whole
system [19]. The canonical term (6) is written by
LC = 2m∆
2
0
∫
v(x′ −X′(t))X˙d2x′. (14)
Using eq. (13), we get the force from (14):
FC = 2M∆
2
0k× (X˙−U)[
∫
(∇× v)zd
2x′]
−
1
2
(2M)∆20(k×U)
∫
(∇× v)zd
2x′ (15)
where the vector k is the z-directed unit vector.
Let us turn to FT . The direct calculation shows that
only the second term T ′ in (12) contributes for it. In the
moving frame, T ′ becomes
T ′ =
∫
ρv(x′ −X′(t)) ·Ud2x′ (16)
which results in [21]
2
FT = −
∂T
∂X
= [
1
2
(2M)∆20
∫
(∇× v)zd
2x′](k×U) (17)
By summing up (15) and (17), we get the balance of
forces:
2M∆20[
∫
(
∂vy
∂x
−
∂vx
∂y
)d2x]k× (X˙−U) = Fex. (18)
We note that the Galileian invariance is guaranteed in
this formula. Eq.(18) is the Magnus-type force in super-
fluid He3-A. When U = 0, eq.(18) becomes
FC = [2m∆
2
0
∫
(∇× v)zd
2x](k × X˙) (19)
that is the same as for a vortex in ferromagnet [7].
To examine the significance of the strength of the
Magnus-type force, we consider the integral in eq.(18)
σ =
∫
R2
(
∂vy
∂x
−
∂vx
∂y
)d2x (20)
It can be easily proved that the integrand of σ is the
continuous vorticity:
ω ≡ ∇× v = h¯/M sin θ∇θ ×∇φ (21)
which can be rewritten in terms of the l-vector as
ω =
h¯
M
l · (
∂l
∂x
×
∂l
∂y
) (22)
This relation is the nothing but Mermin-Ho relation [12].
Thus the σ can be described as the integral over a part
of the l-space or two dimensional sphere
σ =
∫
S
sin θdθ ∧ dφ (23)
On account of the boundary condition for the l-vector,
σ serves as the topological invariant [2,20]; a) MH vor-
tex, l3(∞) = 0, (θ =
pi
2 ) and b) AT vortex, l3(∞) = −1,
(θ = pi), for which the images S become the “hemisphere”
and the “whole sphere” in the l-space each other. Cor-
respondingly, eq.(23) yields the mapping degree: R2 →
S2/2 for the case a) and R2 → S2 for the case b). Thus
we have σa = n/2 × 4pi and σb = n × 4pi respectively,
where n denotes the integer. Finally, the force is written
by [22]
FC = 2M∆
2
0σ
ik× (X˙−U) (24)
where i = a, b for MH and AT vortices each other.
Eq.(24) is the first main consequence of the present pa-
per.
The formula (24) implies an interesting feature; if there
may occur a discontinuous change in topology of vortex
triggered by some rearrangement of the boundary con-
dition, the magnitude of the force changes according to
this formula. In the case of topological change between
the MH and AT vortices mentioned above, the ratio of
the magnitude is given by
|Fa|
|Fb|
=
σa
σb
=
1
2
(25)
Such a possibility of topology change is a characteristic
of the soft-core vortex inherent in the l-texture of He3-
A and this feature cannot be expected for the vortex in
He3-B phase and the s-wave superconductors.
An application to anisotropic superconductor: We shall
now address a possible effect of the Magnus-type force
caused by the l-texture in superconductors described by
a vector-type order parameter; The heavy electron su-
perconductors may be considered as a possible candidate
for such an anisotropic superconductor. Here we dis-
cuss about the specific feature of the Hall current de-
rived from the characteristic properties of the l-texture.
The electromagnetic field A(x) is introduced in gauge-
invariant way by the replacement of the kinetic term:
∇ψ → (∇ − ie
∗
h¯c
A)ψ. (e∗ ≡ 2e denotes the charge of
the Cooper pair.) Now we consider the case where the
electromagnetic field satisfies the condition: the constant
magnetic flux Φ ≡ e
∗
h¯c
∫
Adx is penetrating the vortex
core. To realize it, it is enough to take
e∗
h¯c
A = rf(r)∇φ (26)
where φ = tan−1(x/y).
Eq.(18) can be easily extended for the case that the
electromagnetic field exists, and the balance of force is
modified to be
2m∆20σk× (X˙−U)− 2m∆
2ηk×U = Fex (27)
where η = Φ2 . The second term in eq.(27) originates
in the presence of the magnetic flux and it violates the
Galileian invariance. Using the relation (27), the Hall
current can be derived in the ideal limit of no dissipative
forces [23] (from the electric current associated with the
Cooper pair Js = e
∗∆20U and the Faraday’s law; E =
−X˙ × B). After simple calculations, we get the Hall
current:
Js = σxy(E× k) (28)
where the Hall conductance σxy turns out to be
σxy =
σ
σ + η
e∗∆20
B
(29)
The relation (28) is the second main result of the present
paper. Eq.(29) shows that the Hall conductance is de-
termined from the ratio σ/η, where σ depends on the
boundary condition at the infinity. It should be noted
that the Hall conductance incorporates the difference of
3
topology because σ depends on the boundary condition
at the infinity. Hence, if the topological change occurs
in superconductors, it should reflect on the Hall current.
In particular, for the transition between the MH and AT
vortices, the ratio of the current is given by
σaxy
σbxy
=
σa
σb
2σb +Φ
2σa +Φ
(30)
It may provide us an observational method to detect the
difference between two vortex states. In real anisotropic
superconductors, some modifications may be caused by
the possible magnetic moment that the Cooper pair car-
ries due to the p-wave pairing, but more details may be
needed to treat this problem at hand [24].
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